School of Public Health, Kyoto University-It is well known that concentrations of contaminants in the air fluctuate log-normally, but there has been no mathematical model that can describe the stochastic nature of this. In the present study we constructed a stochastic model that can describe log-normal distribution of the air contaminantion in workplaces. The so-called Ito-process can describe the lognormality of the stochastic nature of the air contaminants by using two parameters: ventilation performance and random release of contaminants from the source. We also derived a theorem from the model. It indicates that splitting the source into small independent compartments decreases randomness and thereby reduces exposure intensity. The reduction of randomness of contaminant release is considered to be as effective as improvement of ventilation performance in reducing workers' exposure. ( The primary goal of workplace-environmental monitoring is to evaluate engineering performance to minimize contaminant levels in the air in the occupational setting. This goal is often confounded by stochastic fluctuation. Fluctuation of contaminants in the air in the occupational settings was first modeled by Roach in a discrete model containing random variables 1) and later refined mathematically by us 2) as a continuous stochastic 
The primary goal of workplace-environmental monitoring is to evaluate engineering performance to minimize contaminant levels in the air in the occupational setting. This goal is often confounded by stochastic fluctuation. Fluctuation of contaminants in the air in the occupational settings was first modeled by Roach in a discrete model containing random variables 1) and later refined mathematically by us 2) as a continuous stochastic process model. Let C (t, ω) be a random fluctuation in concentrations in the workroom of which the volume is V (m 3 ). The previous model is expressed by the so-called Langevin equation:
where W (t, ω) is a Wiener process and k is a positive constant. We thereafter considered the model by standization with room air volume. This model, however, has a serious defect because it cannot explain the stochastic nature of C (t, ω): the equation (1) gives C (t, ω) that has a normal distribution. Concentrations of contaminants in occupational settings, however, are known to have log-normal distribution when measurements were done either at a location chronologically or at different locations at the same time. An insight into the stochastic nature of a given occupational setting is very important in deciding whether or not specific engineering measures, such as containment of contaminants and/or proper ventilation are required.
Generally confidence limits are much more widely distributed in log-normal models than in normal models, leading to a predicted worst case scenario that is more pessimistic in a log-normal model than in a normal model.
The aim of the present study is to demonstrate that the theory of stochastic differential equations, originated by K. Ito and developed by many authors (for example, see Ito 3) , Ikeda and Watanabe 4) ), can provide a better insight into the stochastic nature of contaminant concentrations in workplaces than the previous model. The model can describe the log-normality of the concentrations in the occupation settings with several well-characterized physical parameters. Furthermore, the model was shown to provide a theoretical derivative that is useful for designing engineering methods to achieve a better workplace environment. In the following discussion, an organic solvent was chosen as an example of an air contaminant in workplaces. We also assume that the measurements are done chronologically at a fixed position. These two assumptions, however, do not change the general applicability of the present theory.
Model Description
The concentration of an organic solvent, C (t), in a given workplace of unit volume (m 3 ) is determined by the net mass balance of the release and removal from the workplace. If there is no randomness, the mass balance of the model can be described as
where A (t) represents a release from the source such as containers or machines and k (>0) indicates the ventilation constant. This model, however, does not describe real occupational settings because A (t) has no fluctuation. This deterministic model should be modified so that it contains a term expressing random evaporation of the organic solvent from the source. In place of equation (2), we assume that the concentration of organic solvents in the air C (t, ω) at any given sampling site follows the following general model described by a stochastic differential equation:
where W (t, ω) is a Wiener process and the parameter ω means the randomness 3, 4) . The first term indicates removal of the organic solvent from the workplace, and the second term indicates that its release occurs randomly. Note that equation (1) is a special form of equation (3) .
In the following discussion we will show how stochastic differential equations can correct the defect in equation (1) . In the general form of equation (3), both V (C (t, ω), t) and R (C (t, ω), t) are hard to define. We therefore replace these functions with the first order approximations:
where k (t) and m (t) are non random positive functions. Equation (4) assumes that both removal and release of the organic solvent in the interval (t, t + dt) are proportional to the concentration C (t, ω).
The replacement of equation (1) with equation (4) can assure that C (t, ω) follows a log-normal distribution. This can be easily illustrated in the following manner. We define f (t, ω) by
We can show that f (t, ω) satisfies the following equation by Ito's formula 3, 4) :
Since this is the so-called Ito-process, f (t, ω) is normally distributed in N (µ (t), σ (t)), where µ (t) = ∫ 0 t ( k (s) m 2 (s) ) ds and σ 2 (t) = ∫ 0 t m 2 (s) ds. Thus C (t, ω) has lognormal distribution. We also note that the unique solution of (4) is expressed as
where
It is worth mentioning the relationship between the time weighted average and the arithmetic mean. The time weighted average is defined as ∑t i c i /∑t i . When the sampling intervals are equal, the time weighted average becomes ∑c i , suggesting that it is mathematically equal to the arithmetic mean.
It has theoretically been shown that the arithmetic mean of C (t, ω), E [C (t, ω)] is good measures of human internal exposure because they have a high correlation with the internal burden 1, 2, 5, 6) . Predictability of the internal dose by means of the time-weighted average of the exposure dose has also been practically etablished by biological monitoring [7] [8] [9] . Finally, evaluations of exposure intensities are currently obtained by calculating the arithmetic means in comparison with the threshold limit values 8, 9) . The arithmetic mean of C (t, ω) will be given as
Equation (8) is very familiar to occupational hygienists. It should be noted that E [C (t, ω)] is a function of k (t), as shown in equation (7).
Split Source Theorem
From the above argument we can derive a very useful theorem for workplace-environmental technology.
Theorem: If we divide the contaminant source in the workplace into n independent sources, we can decrease the E [C (t, ω)] without manipulating ventilation performance.
Proof: Recall that the release of the contaminant is described by the second term in the equation (4), m (t) C (t, ω) dW (t, ω). Dividing a single source into n independent sources means that the equation can be expressed as
where W i (t, ω) (i = 1, 2, …, n) are independent Wiener processes and m i (t) (i = 1, 2, …, n) are non random positive functions, so that ∑ n i=1 m i (t) = m (t). Thus, in place of equation (4), splitting the source into n sources yields the following stochastic differential equation:
In a similar manner as before, we have
m i 2 (s) ds, and we have
Discussion
In this paper we demonstrate that the Ito-process is more reasonable as a model than the traditional process as expressed in equation (1) . This model can explain the log-normality of concentrations of contaminants in the occupational settings. It should be noted that µ and σ are correlated with ventilation performance k which appeared in equation (2) . The arithmetic mean of the C (t, ω) (equation (8)), which is given by an exponential of the ventilation function, is a good comprehensive predictor of ventilation performance. If one wished to decrease human exposure levels, a logical approach would be to decrease the arithmetic mean of the concentration. To achieve this goal, one should take a comprehensive engineering strategy to increase the ventilation performance and also to decrease the randomness of release of chemicals, that is, m (t) in equation (4) . The latter engineering objective cannot be derived by means of a deterministic model or the previous stochastic model but the present model based on the Itoprocess can predict it.
Another important theoretical derivative is indicated in the theorem: simply splitting the source can decrease workers' exposure even without changing ventilation performance. In other words, splitting the source into small independent compartments decreases randomness and thereby reduces exposure intensity. This is the very unique feature inherent in log-normal distribution, which has not been explicitly described before. 
